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Abstract
Lattice Green functions appear in lattice gauge theories, in lattice models of statistical
physics and in random walks. Here, space coordinates are treated as parameters and series
expansions in the mass are obtained. The singular points in arbitrary dimensions are found.
For odd dimensions these are branch points with half odd-integer exponents, while for even
dimensions they are of the logarithmic type. The differential equations for one, two and three
dimensions are derived, and the general form for arbitrary dimensions is indicated. Explicit
series expressions are found in one and two dimensions. These series are hypergeometric
functions. In three and higher dimensions the series are more complicated. Finally an
algorithmic method by Vohwinkel, Lu¨scher and Weisz is shown to generalize to arbitrary
anisotropies and mass.
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1 Introduction
Green functions, also known as two-point functions or propagators, are ubiquitous in physics.
They appear in classical field theories, quantum mechanics and quantum field theories to name
but a few areas. When a discrete space-time approach is used as a regulator, the continuum
Green functions become lattice functions. In the problems of condensed matter physics both the
continuum and lattice approach are natural. Random walks on a lattice provide another field of
application for Green functions, where they are generating functions for the return probability of
a random walker on a lattice [1]. Given an isotropic random walk occurring in steps of one unit
on a hypercubic lattice, one considers the probability of visiting a given site, or of returning to
the starting site, after n steps. This problem was first considered by Po´lya [2] who showed that
this probability tends to one only in one and two dimensions, for n tending to infinity. This is
the recurrence/transience transition which is an important result in the study of random walks.
The free propagator appears naturally in the perturbative expansion of field theories. A
lattice provides a regulator for the infinities in such expansions, and the four-dimensional discrete
Green functions appear naturally [3, 4, 5]. The three-dimensional function appears in the study
of effective three-dimensional theories [6]. A lattice regularization has also been used in [7] to
study non-relativistic quantum scattering in two and three space dimensions. For dimensions
greater than one, the continuum free Green function is singular at the origin, while the lattice
version is finite. This provides a regularization of the UV divergences. In yet another context,
the propagator was used to find the resistance of a network of resistors [8]. (See also [9] in
relation to conformal invariance.)
Although the integral representation of the lattice Green function for the hypercubic lattice is
well-known, the analytic calculation of this integral remains a challenge. A closed form appears
to exist only in one dimension and for a special case in two dimensions. In higher dimensions
there are several partial results [1, 10]. A rather recent numerical approach was used in [11] and
developed in [12] for the massless free propagator. It was applied to the two-dimensional case
in [13]. Similar position space methods were considered earlier in [14], and later in [15].
In this paper I consider the free propagator as a function of the mass squared which is allowed
to vary in the whole complex plane. The space coordinates are treated as parameters. Series
expansions are first obtained for large values of the mass. In one and two dimensions these series
are hypergeometric while in higher dimensions they are not. This large mass expansion follows
from the multidimensional integral representation of the lattice Green function. However this
representation does not allow one to find the series expansion around other values of the mass.
To this end recurrence relations and corresponding differential equations in the mass squared are
derived. This approach gives the singularities of the Green function and allows one to expand
around any point. Non-trivial monodromies are found around the singular points.
The paper is organized as follow. Section 2 introduces the notation, and the well-known
integral representation for the minimal anisotropic lattice Green function for the simple cubic
lattice in d dimensions. Some general properties are also discussed. The one-dimensional integral
representation in terms of Bessel functions is given. A simple derivation for the location of the
singularity in the complex mass plane is found. A general expansion of the lattice Green function
in the inverse of the mass is obtained, and a recurrence relation between dimensions for the
coefficients of this expansion is noted. In section 3 the one-dimensional case is studied in detail
as a simple illustration of the methods used. This also serves as a guide to the features common
to all dimensions. The same methods are applied to the two dimensional Green function and
two novel expansions are found (section 4). The recurrence relation and the differential equation
are then obtained for the three-dimensional case (section 5). Section 6 concludes with general
remarks for four and higher dimensions. Appendix A contains a set of formulæ used in the text.
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In appendix B, the method of [12] is extended to arbitrary mass and anisotropies.
2 General results
Consider the hypercubic lattice in d dimensions, with unit vectors eˆj , j = 1, · · · , d. The discrete
anisotropic Green equation is
Hf(~x) ≡
d∑
j=1
αj [f(~x+ eˆj) + f(~x− eˆj)] = 2β f(~x) + δ~x,~0 (1)
The integers xj label the lattice sites, and the anisotropies αj are arbitrary but non-vanishing
complex numbers. When the αj ’s are omitted, they should be assumed to be all equal to
1. The action of the discrete anisotropic d-dimensional Laplace operator ∆ on f is given by
(H − 2∑dj=1 αj) f(~x). Here the contribution of the latter term has been absorbed in β which
is, depending on the context, the mass squared, the energy eigenvalue or a formal expansion
parameter for a generating function. This definition of β gives a natural parity symmetry (6),
and renders the sets of singularities symmetric with respect to the origin. The free massless
scalar propagator of lattice gauge theories corresponds to the isotropic case, αj = 1 for all j,
and β = d. A completely isotropic solution of the isotropic equation satisfies
2d f(eˆj) = 2β f(~0) + 1 , j = 1, · · · , d (2)
Adding to a solution of (1) any solution of the homogeneous equation,
d∑
j=1
αj [f(~x+ eˆj) + f(~x− eˆj)] = 2β f(~x) , (3)
yields another Green function. A large class of such solutions can be written as
h(~x|~α, β) =
∫ +π
−π
· · ·
∫ +π
−π
dd~q
(2π)d
exp(i~q · ~x) h˜(~q) δ(
d∑
j=1
αj cos qj − β) (4)
where the function h˜ is arbitrary but well-behaved.
One can define a decoupling point at β = 0, for which equation (1) becomes an equation for
two sub-lattices. A lattice where
∑d
j=1 xj is even and one where
∑d
j=1 xj is odd.
The minimal solution of (1) is given by
G
(d)
± (~x|~α, β) =
∫ +π
−π
· · ·
∫ +π
−π
dd~q
(2π)d
exp(i~q · ~x)
2
∑d
j=1 αj cos qj − 2β ± iǫ
(5)
where ǫ→ 0+. The ǫ prescription removes integration ambiguities at the poles.
When only d′ anisotropy parameters are equal to each other, the solution (5) is invariant
under the 2d ·d′! parity transformations and permutations of the xj ’s. For d′ = d, the symmetry
is that of the d-dimensional hypercubic group, and the functions G
(d)
± are completely symmetric
in the absolute values of their arguments xj . There is also a parity symmetry relating β to −β,
G
(d)
± (~x|~α,−β) = eiπ(1+X)G(d)∓ (~x|~α, β) (6)
where X ≡∑dj=1 |xj|, and a complex conjugation symmetry(
G
(d)
± (~x|~α, β)
)∗
= G
(d)
∓ (~x|~α∗, β∗) (7)
2
The latter symmetry shows that the two Green functions are complex conjugates of each other.
The exponentiation formula
n!
An+1
=
∫ ∞
0
dt tn exp(−tA) , Re(A) > 0 , n = 0, 1, 2, · · · (8)
and the integral representations (74) for the Bessel functions yield a one-dimensional integral
representation for (5):
G
(d)
± (~x|~α, β) = −
(±i)1+X
2
∫ +∞
0
dt exp
(
− tǫ
2
∓ itβ
)
J|x1|(α1t) · · · J|xd|(αdt) (9)
In this expression ǫ can be set to zero. For αj ∈ R, the integrals converge in the domains
∓Imβ ≥ 0, without a finite number of real points. Note that (9) satisfies (1) by virtue of
properties (78–81).
To find the singularities of G
(d)
± in β, consider first the initial integral representation (5).
For |β| > ∑j |αj |, the integrand is a continuous function, without singularities, integrated
over a compact domain. Thus the Green function has no singularities for these values of β.
This includes the point at infinity. Now consider, for simplicity, the case without anisotropies
(αj = 1). Equation (5) implies that the possible singularities are real. When d = 1, the integral
(9) converges provided the oscillating cosine of the asymptotic expansion (76) is not “canceled”
by exp(∓itβ). For β = ±1, and only for these values, the integral has a diverging contribution
of the form
∫∞ dt/√t, which results in the branch points β = ±1. This is confirmed by the
explicit expressions given in section 3. The same reasoning holds for d = 2. The product of
the two cosines yields one divergent contribution,
∫
dt/t for three values of β: 0 and ±2. This
is confirmed in section 4. For β = 0, note that this approach also predicts a lack of divergence
for points on the odd sub-lattice. One has β ln β, which vanishes as β tends to 0. For d ≥ 3,
there are enough powers of
√
t to give a converging integral at all β. This corresponds to the
recurrence/transience transition in the context of random walks. Let [n] denote the integer part
of n. Taking [(d− 1)/2] β-derivatives of (9), and using the asymptotic expansion for the Bessel
function, yields d + 1 singularities: β0 = −d,−d + 2, · · · , d − 2, d. For d ≥ 1 and odd, they are
of the branch point type: (β − β0)p− 12 , where p is a non-negative integer. For d ≥ 2 and even,
the singularities are logarithmic of the type: (β − β0)p′ lnq′(β − β0), where p′ is a non-negative
integer and q′ a positive integer. A slightly more complicated but essentially similar analysis
applies for arbitrary anisotropies. The location of the singularities will depend explicitly on the
αj’s. These results can be made rigorous through the use of a Tauberian theorem.
The ǫ prescription becomes a convergence factor when one uses the series expansions (75) of
the Bessel functions. This gives
G
(d)
± (~x|~α, β) = −
1
2β1+X
∞∑
n=0
c
(d)
X+2n(~x|~α)β−2n (10)
where
c(d)n (~x|~α) ≡
∫ +π
−π
· · ·
∫ +π
−π
dd~q
(2π)d
exp(i~q · ~x)

 d∑
j=1
αj cos qj


n
(11)
and
c(d)n (~x|~α) = 0 , n = 0, · · · ,X − 1 (12)
c
(d)
X+2n(~x|~α) = (X + 2n)!
d∏
j=1
(
αj
2
)|xj | ∑
k1≥0
· · ·
∑
kd≥0
d∏
j=1
(
αj
2
)2kj
(13)
× δk1+···+kd,n
k1! · · · kd!(|x1|+ k1)! · · · (|xd|+ kd)!
, n ≥ 0
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In particular one finds
G
(d)
± (~x|~α, β) ∼ −
X!
∏d
j=1 α
|xj |
j
|x1|! · · · |xd|! (2β)1+X
β →∞ (14)
which shows the Green function to vanish faster than the simple estimate 1/(2β) obtained from
the integral representation (5). A more compact form of the coefficients (13) can be obtained by
the pairwise replacement of Bessel functions through identity (82). This is done for d = 2, 3, 4
in the following sections.
The result (10) does not depend on the sign of the ǫ prescription. This is easily understood
by noticing that for |β| > ∑dj=1 |αj | the denominator in (5) does not have poles and therefore
ǫ can be set to zero. The large β expansion then yields (10) with the cn coefficients given by
(11). One can also conclude that the expansion (10–13) converges at least for |β| > ∑dj=1 |αj |.
Convergence at the generalized massless point (β =
∑d
j=1 |αj |) depends on the dimensionality
of the lattice. This is related to the recurrence/transience of the random walk. In one and two
dimensions the series diverge at this point, despite the ǫ prescription. In higher dimensions the
series converge.
The random walk interpretation of the cn’s is the following. For a random walker starting
from the origin, let Pn(~x) be the probability of visiting the site ~x after n unit steps on the d-
dimensional hypercubic lattice. Take the anisotropies to be positive and such that
∑d
j=1 αj = d.
The probability of jumping from ~x to ~x+eˆj or to ~x−eˆj is αj2d . One then has: Pn(~x) = 1dn c
(d)
n (~x|~α).
The vanishing of cn for n < X is therefore natural since X is the minimal number of steps
required to reach point ~x.
General relations between the coefficients cn for different dimensions can be simply found.
Let d′ be any positive integer smaller than d. Expanding
∑d
j=1 αj cos qj using the binomial
formula readily yields
c(d)n (~x|~α) =
n∑
k=0
(
n
k
)
c
(d′)
k (x1, · · · , xd′ |α1, · · · , αd′) c(d−d
′)
n−k (xd′+1, · · · , xd|αd′+1, · · · , αd) (15)
Note that these relations are valid for arbitrary anisotropies. One can also get other equations
by expanding with the multinomial formulæ.
3 The one-dimensional Green function
In one dimension it is possible to obtain closed form expressions, and corresponding series
expansions. The anisotropy parameter α1 is set to one as it is an irrelevant overall factor.
The closed forms are obtained by integration in the complex q-plane. The integration contour
is the rectangular path ]− π+ i∞,−π]∪ [−π, π]∪ [π, π+ i∞[∪]π+ i∞,−π+ i∞[, for the upper
half-plane, and its reflection about the real axis for the lower half-plane. The part at infinity
gives a vanishing contribution, while the two side contributions cancel each other because x ≡ x1
is integer. One finds
G
(1)
± (x|β) = ±
e±ik|x|
2i sin k
, β = cos k , k ∈ ]0, π[ (16)
One can compare (16) to its continuum counter-part:
g
(1)
± (x|k) =
∫ ∞
−∞
dq
2π
exp(iqx)
k2 − q2 ± iǫ = ±
e±ik|x|
2 i k
(17)
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One also finds
G
(1)
+ (x|β) = G(1)− (x|β) =


+ e
ik|x|
2i sink , k1 ∈ [0, π] , k2 > 0
− e−ik|x|2i sink , k1 ∈ ]0, π[ , k2 < 0
(18)
where β = cos(k1 + ik2) and k = k1 + ik2. Note that the positive exponential
e+k2|x|
2 sinh k2
(k2 > 0),
despite satisfying equation (1), is not obtained. This was to be expected from the integral
representation (5), since for |β| > 1 the integrand has no singular point and the integral must
vanish as |x| → ∞.
The general expression (10–13) reduces to
G
(1)
± (x|β) = −
1
(2β)|x|+1
∞∑
k=0
(|x|+ 2k)!
k!(|x|+ k)! (2β)
−2k (19)
= − 1
(2β)|x|+1 2
F1
( |x|
2
+
1
2
,
|x|
2
+ 1; |x| + 1;β−2
)
This series converges uniformly for |β| > 1 and simply for |β| = 1, β 6= ±1; it diverges at
β = ±1 and for |β| < 1. The equality of this hypergeometric series to the closed form (18) was
otherwise known [16]. The recurrence relation for the coefficients of the Green function, with
cn ≡ c(1)n (x|1), reads
(n2 − x2) cn − n(n− 1) cn−2 = 0 (20)
The function G
(1)
± satisfies a second-order differential equation in β, of the hypergeometric
type:
(β2 − 1) y′′ + 3β y′ + (1− x2) y = 0 (21)
The indices at the three regular singular points β = ±1 and ∞ are (−12 , 0) and (1− |x|, 1+ |x|),
respectively. The two branch points β = ±1 imply the existence of monodromies in the complex-
mass plane. Solution (19) corresponds to (β =∞ ; s = 1+ |x|). It is then natural to investigate
the properties of the solution corresponding to (β =∞ ; s = 1− |x|):
y1(β) = 2
|x|−2β|x|−1 2F1
(
1− |x|
2
, 1− |x|
2
; 1− |x|;β−2
)
, x 6= 0 (22)
yl1(β) =
1
4β
· 1√
1− β−2 ln
(
1
β
)
+
1
4
∞∑
n=0
β−(2n+1)
d
ds

Γ
(
n+ s2
)
Γ
(
s+1
2
)
Γ
(
n+ s+12
)
Γ
(
s
2
)


|s=1
(23)
with 2F1(0,
1
2 ; 0, β
−2) ≡ 1. The derivative of the coefficients in (23) can be written using the
function ψ(z) = ddz ln Γ(z). The appearance of the logarithm for this second solution is due the
degeneracy of the indices at x = 0. The hypergeometric series (22) truncates to polynomials
in β+1. Note that this solution almost provides a Green function. The a priori arbitrary
normalization of a solution was chosen to be equal to 2|x|−2 in (22) so that the one-dimensional
Green equation, f(x+ 1|β) + f(x− 1|β) − 2β f(x|β) = δx,0, is satisfied by f(x|β) given in (22)
and f(0|β) set to 0.
The expansion around β = 1 can be carried out similarly. The two solutions are
y0(β) = 2F1
(
1− |x|, 1 + |x|; 3
2
;
1− β
2
)
(24)
=
sin
(
2|x|Arcsin
(√
1−β
2
))
|x|√1− β2 for β ∈]− 1, 1] (25)
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y1/2(β) =
1√
β − 1 2F1
(
1
2
− |x|, 1
2
+ |x|; 1
2
;
1− β
2
)
(26)
= −i
√
2 cos
(
2|x|Arcsin
(√
1−β
2
))
√
1− β2 for β ∈]− 1, 1[ (27)
These solutions are valid for all values of x. In (27) the choice
√−1 = i was made. The solution
y0 is regular at β = 1 and is a solution to the Green equation when appropriately normalized,
while y1/2 is singular at β = 1, and is a solution to the homogeneous equation (3). Linear
combinations of these solutions provide the two analytic continuations to the function defined
by (19):
1
2
√
2
(√
2|x|y0 ± y1/2
)
= ± 1
2i sin k
e±ik|x| , β = cos k , k ∈]0, π[ (28)
Moreover one finds
β|x|−1 2F1
(
1− |x|
2
, 1− |x|
2
; 1− |x|;β−2
)
= 21−|x| |x| 2F1
(
1− |x|, 1 + |x|; 3
2
;
1− β
2
)
, |x| ≥ 1 (29)
This corresponds to the polynomial solutions (22) and (24), which have to match since, as
polynomials, they are defined on the whole complex β-plane. (An amusing by-product of the
foregoing analysis is the identity: 1 =
∑∞
n=1
(2n+1)!
23n (2n−1) (n!)2 ·) The expansion around β = −1
yields similar results as can be expected from parity. This symmetry is not explicit on the series
representations because the expansion point is not β = 0.
The limits β → ±1 for the Green function do not exist. However the following well-defined
limit
G(1)(x) ≡ 1
2
lim
β→1−
(
G
(1)
+ (x|β) +G(1)− (x|β)
)
=
1
2
|x| (30)
is also a solution to the Green equation. In fact the latter equation is, for any β, a one-
dimensional recurrence relation which can be solved directly by the standard method. The points
β = ±1 are degeneracy points and the direct solution in this case is: f(x) = (±1)x(f(0)± 12 |x|),
for β = ±1, and f(0) arbitrary. For β = 1, and with the choice f(0) = 0, one recovers (30).
4 The two-dimensional Green function
For arbitrary anisotropies, the identity (82) for the product of two Bessel functions can be used
to obtain the following series expansion for the Green function:
G
(2)
± (~x|~α, β) = −
1
|x2|! 2βX+1 ·
(
α1
2
)|x1| (α2
2
)|x2|
(31)
×
∞∑
k=0
(X + 2k)!
k! (|x1|+ k)! 2F1
(
−k,−|x1| − k; |x2|+ 1;
(
α2
α1
)2)
·
(
α1
2β
)2k
When α1 = α2, these anisotropies can be set to 1 and the preceding expression becomes
G
(2)
± (~x|β) = −
1
(2β)X+1
∞∑
k=0
(X + k + 1)k(X + 2k)!
k! (|x1|+ k)! (|x2|+ k)!(2β)
−2k (32)
= − X!
(2β)X+1 |x1|! |x2|! (33)
× 4F3(X + 1
2
,
X + 1
2
,
X
2
+ 1;
X
2
+ 1;X + 1, |x1|+ 1, |x2|+ 1; 4β−2)
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The series (32) converges uniformly for |β| > 2, simply for |β| = 2 and β 6= ±2 and diverges at
β = ±2 and |β| < 2.
The recurrence relation for the coefficients of the Green function read
(n2 −X2)(n2 − x2) cn − 4n2(n− 1)2cn−2 = 0 (34)
where x ≡ |x1| − |x2|. The Green function G(2)± satisfies a 4th order differential equation in β:
β2(β2 − 4) y′′′′ + β (10β2 − 16) y′′′ +
(
β2(−2(x21 + x22) + 25)− 8
)
y′′
+ 3β
(
−2(x21 + x22) + 5
)
y′ + (1−X2)(1− x2) y = 0 (35)
The four regular singular points and their indices are:
β = 0 : s = 1, 1, 0, 0
β = ±2 : s = 2, 1, 0, 0
β = ∞ : s = 1 +X , 1−X , 1 + x , 1− x
The three finite singular points were predicted in section 2. The series (32) is the regular solution
corresponding to (β =∞ ; s = 1+X). The degeneracy of the indices at the other points signals
the existence of logarithmic solutions.
The radius of convergence of the series expansion around β = 0 is equal to 2, as β = ±2 are
the closest singularities. Thus this expansion and the expansion around infinity cover the whole
complex β-plane. The recurrence relation for the coefficients of the series expansions around
β = 0 contains two terms, just like (34) for the expansion around infinity. This permits the
explicit determination of the series. One also has to find the connection coefficients involved in
the linear combinations of the four solutions which reproduce the Green functions at hand, or
the analytic continuations of (32). In the previous section, in (28), one had |x|2 and ± 12√2 . But
the determination of the appropriate functions of ~x is not an easy task and there is no general
systematic method which gives a closed form result. Here it is possible to carry out this analysis
completely, and I have found the following expansions and connection coefficients:
G
(2)
± (~x|β) = [f0(~x)± l0(~x)] y0(β) + [f1(~x)± l1(~x)] y1(β)± h0(~x) yl0(β) ± h1(~x) yl1(β) (36)
where
y0(β) = 4F3
(
1 +X
2
,
1−X
2
,
1 + x
2
;
1− x
2
; 1,
1
2
,
1
2
;
β2
4
)
(37)
y1(β) = β 4F3
(
2 +X
2
,
2−X
2
,
2 + x
2
;
2− x
2
;
3
2
,
3
2
, 1;
β2
4
)
(38)
yl0(β) = y0(β) ln β +
d
ds
5F4
(
s+ 1 +X
2
,
s+ 1−X
2
,
s+ 1 + x
2
;
s+ 1− x
2
, 1; (39)
s+ 2
2
,
s+ 2
2
,
s+ 1
2
,
s+ 1
2
;
β2
4
)
|s=0
yl1(β) = y1(β) ln β + β
d
ds
5F4
(
s+ 1 +X
2
,
s+ 1−X
2
,
s+ 1 + x
2
;
s+ 1− x
2
, 1; (40)
s+ 2
2
,
s+ 2
2
,
s+ 1
2
,
s+ 1
2
;
β2
4
)
|s=1
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are the four independent solutions of the differential equation around β = 0. The s-derivatives
can be easily expressed in terms of ψ(z), the logarithmic derivative of the Gamma function. The
logarithms are taken real for positive β. The six connection functions are given by:
f0(~x) =
1
4
cos
(
π
2
X
)
cos
(
π
2
x
)
+
1
4
sin
(
π
2
X
)
sin
(
π
2
|x|
)
(41)
f1(~x) =
1
2
|x21 − x22| f0(~x) =
1
2
|x|X f0(~x) (42)
h0(~x) = h0 cos
(
π
2
X
)
cos
(
π
2
x
)
(43)
h1(~x) =
h0
2
|x21 − x22| sin
(
π
2
X
)
sin
(
π
2
|x|
)
=
h0
2
xX sin
(
π
2
X
)
sin
(
π
2
x
)
(44)
l0(~x) =
(
ψ
(
X + 1
2
)
+ ψ
( |x|+ 1
2
))
h0(~x) (45)
l1(~x) =
(
ψ
(
X
2
+ 1
)
+ ψ
( |x|
2
+ 1
)
− 2
)
h1(~x) (46)
−h0
2
(|x|+X) sin
(
π
2
X
)
sin
(
π
2
|x|
)
where h0 =
i
2π · These functions satisfy a number of equations of which the simplest are:
Hf0(~x) = δ~x,~0 , Hh0(~x) = 0 , Hl0(~x) = 0 (47)
Hf1(~x) = 2f0(~x) , Hh1(~x) = 2h0(~x) , Hl1(~x) = 2l0(~x) (48)
x1[f0(x1 + 1, x2)− f0(x1 − 1, x2)] = x2[f0(x1, x2 + 1)− f0(x1, x2 − 1)] (49)
Thus f0 is a Green function at the decoupling point while h0 and l0 are solutions of the homo-
geneous equation at the same point. The functions f1, h1 and l1 appear as potentials for the
sources f0, h0 and l0, respectively. The last equation for f0 is a strong form of a directional-
independence relation. The f0 − f1 part in (36) is a solution, regular at β = 0, of the Green
equation. The remaining part is a singular solution of the homogeneous equation, independently
from the value of h0. Finally, h0(~x)y0(β) + h1(~x)y1(β) is a regular solution of the homogeneous
equation.
The parity property is satisfied with ln(−1) = ±iπ, and the complex conjugation symmetry
for both β and β∗ not on the branch cut.
Consider now the expansion about β = 2, and let v = β − 2. The index s can take one of
the three values already found: 0, 1 or 2. A generic solution is given by
y(v) =
∑
n≥0
an(s) v
n+s (50)
where
16(n + s)2(n+ s− 1)(n + s− 2) an (51)
+ 4(n + s− 1)(n + s− 2)
[
5n2 + (10s − 9)n+ 5 + 5s2 − 9s − 2(x21 + x22)
]
an−1
+ 2(2n + 2s− 3)(n + s− 2)
[
2n2 + (4s− 6)n + 5 + 2s2 − 6s− 2(x21 + x22)
]
an−2
+ (n+ s− 2 +X)(n + s− 2−X)(n + s− 2 + x)(n+ s− 2− x) an−3 = 0
with n ≥ 0 and a<0 ≡ 0. For a0(s) ≡ 1, the solutions
y2(v) =
∑
n≥0
an(s = 2) v
n+2 (52)
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y1(v) =
∑
n≥0
an(s = 1) v
n+1 , a1 ≡ 0 (53)
y0(v) =
∑
n≥0
an(s = 0) v
n , a1 = a2 ≡ 0 (54)
are linearly independent and regular at β = 2. The fourth solution has the expected logarithmic
singularity:
yl0(v) = y0(v) ln v +
∑
n≥0
vn
d
ds
an(s)|s=0 (55)
The complete Green function is a priori a linear combination of the four solutions. I have not
looked for the corresponding connection coefficients. However one can conclude that the loga-
rithmic solution corresponds to a solution of the homogeneous equation (3), and can therefore be
dropped without altering the Green property. The remaining piece is the natural regularization
at β = 2 of the Green function defined by (5). The situation at β = −2 is similar.
For x1 = x2 and arbitrary anisotropies, Montroll found an expression in terms of Legendre
functions [17]. In terms of the definitions adopted here one has:
G
(2)
M ((x1, x1)|(α1, α2), β) = −
1
2π(α1α2)
1
2
Q|x1|− 12
(
β2 − (α21 + α22)
2α1α2
)
(56)
where Qν(z) is the ν
th Legendre function of the second kind. These functions have logarithmic
singularities at z = ±1. But for ν a half odd-integer, only z = 1 is a singularity:
Q|x1|− 12 (1− ǫ) ∼ −
1
2
ln
(
ǫ
2
)
− γ − ψ
(
|x1|+ 1
2
)
+O(ǫ) , ǫ→ 0+ (57)
where γ = 0.577216 · · ·. Thus one finds a logarithmic divergence at β = ±2:
G
(2)
M ((x1, x1)|(1, 1), β) =
1
4π
ln
(
4− β2
4
)
(58)
+
γ
2π
+
1
2π
ψ
(
|x1|+ 1
2
)
+O
(
β2 − 4
2
)
, β → 2− or β → −2+
One also has G
(2)
M ((x1, x1)|(1, 1), 0) = −14 ·
Montroll’s result should be qualified. It is general in terms of anisotropies, but partial as it
applies only to the line x1 = x2 and |β| < 2. Also, it is only a part of the full Green function,
even under these restrictions. Consider x1 = x2 in the Green function given by (36). At β = 0
this expression diverges, as expected from the analysis of section 2, and thus contradicts (56).
However taking the half-sum of the two Green functions one finds:
G(2)(~x|β) = 1
2
(
G
(2)
+ (~x|β) +G(2)− (~x|β)
)
= f0(~x) y0(β) + f1(~x) y1(β) (59)
This solution of the Green equation is regular at β = 0, and
G(2)((x1, x1)|β) = 1
4
cos(πx1) 2F1
(
1
2
+ |x1|, 1
2
− |x1|; 1; b
2
4
)
(60)
For x1 = 0, one has the following identity:
2F1
(
1
2
,
1
2
; 1;
b2
4
)
=
2
π
K
(
β2
4
)
(61)
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where K is the complete elliptic function of the first kind [18]. One also has
Q|x1|− 12
(
β2 − 2
2
)
=
π
2
cos(πx1) 2F1
(
1
2
+ |x1|, 1
2
− |x1|; 1; b
2
4
)
, |β| < 2 (62)
which shows that G(2)((x1, x1)|β) and G(2)M ((x1, x1)|(1, 1), β) are equal, up to a factor of −1. The
origin of this sign in (56) is unclear. Compare now (56) to the half-sum of the two functions
(32) at x1 = x2. The former function is even in β while the latter is odd. Therefore they cannot
be equal, and (56) holds only for |β| < 2.
5 The three-dimensional Green function
Using the identity (82) for the product of two Bessel functions one obtains the following series
expansion for the three-dimensional function:
G
(3)
± (~x|~α, β) = −
1
|x2|! 2βX+1 ·
(
α1
2
)|x1| (α2
2
)|x2| (α3
2
)|x3|
(63)
×
∞∑
k=0
(X + 2k)!
(
α3
2β
)2k k∑
p=0
1
p! (k − p)! (|x1|+ p)! (|x3|+ k − p)!
×
(
α1
α3
)2p
2F1
(
−p,−|x1| − p; |x2|+ 1;
(
α2
α1
)2)
When the anisotropies αj are equal to 1 the preceding expression simplifies to
G
(3)
± (~x|β) = −
1
(2β)X+1
∞∑
k=0
(X + 2k)!
(2β)2k
(64)
×
k∑
p=0
(|x1|+ |x2|+ p+ 1)p
p! (k − p)! (|x1|+ p)! (|x2|+ p)! (|x3|+ k − p)!
The series (64) converges for |β| ≥ 3. For ~x = ~0 one can write
G
(3)
± (~0|β) = −
1
2β
∞∑
k=0
(2k)!
4k (k!)2
uk β
−2k (65)
uk =
k∑
p=0
(
k
p
)2(
2p
p
)
(66)
The value of this series at β = 3 was calculated by Watson [19]:
G
(3)
± (~0|3) = −
2
π2
[
18 + 12
√
2− 10
√
3− 7
√
6
]
K2
(
(2−
√
3)2(
√
3−
√
2)2
)
(67)
The numerical value of (67) is: −0.2527 · · · (The definition of [18] is adopted for the function
K.) At the singular point β = 3, this series converges, rather slowly, to the known value (67).
The sum of the first 1001 terms gives: −0.2502 · · ·. It is amusing to note that the uk (k ≥ 1)
appear to be divisible by 3, the number of dimensions.
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It is possible to derive a recurrence relation for the coefficients of the 3-dimensional Green
function. Define the following even homogeneous polynomials
Σ222 = x
2
1x
2
2x
2
3
Σ422 = x
2
1x
2
2x
2
3 (x
2
1 + x
2
2 + x
2
3)
Σ2i = x
2i
1 + x
2i
2 + x
2i
3 , i = 1, 2, 3, 4
Σ(2i)(2i) = x
2i
1 x
2i
2 + x
2i
2 x
2i
3 + x
2i
1 x
2i
3 , i = 1, 2
Σ(2i)2 = x
2i
1 x
2
2 + x
2
1x
2i
2 + x
2i
2 x
2
3 + x
2
2x
2i
3 + x
2i
1 x
2
3 + x
2
1x
2i
3 , i = 2, 3
For cn ≡ c(3)n (~x|(1, · · · , 1)), I have found
(n− 2)(n − 4)
[
Σ8 − 4Σ62 + 6Σ44 + 4Σ422 (68)
−4n2 (Σ6 −Σ42 + 10Σ222) + 2n4 (3Σ4 + 2Σ22)− 4n6Σ2 + n8
]
cn
+4n(n− 1)2(n− 4)
[
−Σ6 +Σ42 + 6Σ222 − (n2 − 4n− 2)Σ4 − 2(3n2 − 4n + 2)Σ22
+n(n− 2)(5n2 − 6n+ 8)Σ2 − n(n− 2)(n2 + 2)(3n2 − 6n + 4)
]
cn−2
+2n(n− 1)(n − 2)(n − 3)
[
−(n2 − 4n + 12)Σ4 + 2(5n2 − 20n + 12)Σ22
−2n(n− 4)(7n2 − 24n + 28)Σ2 + n(n− 4)(15n4 − 96n3 + 268n2 − 384n + 248)
]
cn−4
+4n2(n− 1)(n − 2)(n − 3)(n− 4)(n − 5)
[
3(n − 3)Σ2 − (7n3 − 57n2 + 158n − 162)
]
cn−6
+9n2(n− 1)(n − 2)2(n− 3)(n − 4)(n − 5)(n − 6)(n − 7) cn−8 = 0
This translates into a 10th order differential equation for y = G
(3)
± :
β2(β2 − 1)3(β2 − 9) y(10) + β (β2 − 1)2(61β4 − 418β2 + 45) y(9) (69)
−(β2 − 1)
[
β6(4Σ2 − 1433) + β4(−16Σ2 + 7511) + β2(12Σ2 − 2673) + 27
]
y(8)
−4β
[
β6(42Σ2 − 4167) + β4(−146Σ2 + 17284) + β2(122Σ2 − 11683) − 18Σ2 + 1140
]
y(7)
+
[
β6(6Σ4 + 4Σ22 − 2552Σ2 + 102963) + β4(−4Σ4 − 24Σ22 + 5740Σ2 − 261972)
+β2(−2Σ4 + 20Σ22 − 2444Σ2 + 90750) + 48Σ2 − 1536
]
y(6)
−β
[
β4(−162Σ4 − 108Σ22 + 17640Σ2 − 337617)
+β2(76Σ4 + 392Σ22 − 23180Σ2 + 470364) + 14Σ4 − 140Σ22 + 3812Σ2 − 64194
]
y(5)
−2
[
β4(2Σ6 − 2Σ42 + 20Σ222 − 714Σ4 − 476Σ22 + 28742Σ2 − 278744)
+β2(2Σ6 − 2Σ42 − 12Σ222 + 202Σ4 + 892Σ22
−18870Σ2 + 179166) + 17Σ4 − 74Σ22 + 590Σ2 − 5055
]
y(4)
−4β
[
β2(16Σ6 − 16Σ42 + 160Σ222 − 1230Σ4 − 820Σ22 + 20776Σ2 − 103135)
+8Σ6 − 8Σ42 − 48Σ222 + 150Σ4 + 612Σ22 − 5190Σ2 + 23022
]
y(3)
+
[
β2(Σ8 − 4Σ62 + 6Σ44 + 4Σ422 − 276Σ6 + 276Σ42 − 2760Σ222
+6246Σ4 + 4164Σ22 − 44916Σ2 + 108681)
−40Σ6 + 40Σ42 + 240Σ222 −120Σ4 − 720Σ22 + 2280Σ2 − 4680
]
y(2)
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+9β
[
Σ8 − 4Σ62 + 6Σ44 + 4Σ422 − 36Σ6
+36Σ42 − 360Σ222 + 246Σ4 + 164Σ22 − 676Σ2 + 681)
]
y(1)
+15
[
Σ8 − 4Σ62 + 6Σ44 + 4Σ422 − 4Σ6 + 4Σ42 − 40Σ222 + 6Σ4 + 4Σ22 − 4Σ2 + 1
]
y = 0
This equation has six regular singular points, 0, ±1, ±3 and ∞. The corresponding indices are:
β = 0 : s = 7, 7, 6, 5, 5, 4, 3, 2, 1, 0
β = ±1 : s = 6, 5, 4, 3, 2, 1, 0, 5
2
,3
2
,1
2
β = ±3 : s = 8, 7, 6, 5, 4, 3, 2, 1, 0, 1
2
β = ∞ : s = 5, 3, 1 + |x1|+ |x2|+ |x3| , 1− |x1| − |x2| − |x3| ,
1 + |x1|+ |x2| − |x3| , 1 + |x1| − |x2|+ |x3| , 1− |x1|+ |x2|+ |x3| ,
1 + |x1| − |x2| − |x3| , 1− |x1| − |x2|+ |x3| , 1− |x1|+ |x2| − |x3|
The Green function is regular at β =∞ and corresponds to the index 1+ |x1|+ |x2|+ |x3|. The
appearance of indices differing by integer values can result in logarithms. However the 10-term
recurrence for the series expansion around β = ±3 shows that all 10 solutions do not contain
logarithms. The same conclusion holds at β = ±1, with an 8-term recurrence. Therefore β = ±1
and β = ±3 are branch point singularities which are free of logarithms. At β = 0 the indices
indicate that some solutions contain logarithms. For the foregoing Green function β = 0 is a
regular point, and one should consider a linear combination of the logarithm-free solutions.
The reason for the appearance of β = 0 as a singularity of the differential equation is
unclear. Perhaps the fact that this point is a fixed point of the parity symmetry, or its status
as a decoupling point may be relevant here.
At its four singular points, the Green function does not diverge as all the indices are non-
negative; only the solutions which correspond to the vanishing indices give non-vanishing contri-
butions. However, around a given singular point, one can still consider a natural regularization
by dropping all the solutions in the corresponding linear combination which are associated with
non-integer indices. Such solutions combine into a solution of the homogeneous equation (3).
Finally note that some results were obtained by Joyce [20], at ~x = ~0 and around β = 3.
6 Concluding remarks
Using equation (82) twice gives the large-β series expansion of the four-dimensional Green func-
tion:
G
(4)
± (~x|~α, β) = −
∏4
j=1
(αj
2
)|xj |
|x2|! |x4|! ·
1
2βX+1
∞∑
k=0
(X + 2k)!
(
α3
2β
)2k
(70)
×
k∑
p=0
1
p! (k − p)! (|x1|+ p)! (|x3|+ k − p)!
(
α1
α3
)2p
× 2F1
(
−p,−|x1| − p; |x2|+ 1;
(
α2
α1
)2)
× 2F1
(
−(k − p),−|x3| − (k − p); |x4|+ 1;
(
α4
α3
)2)
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When the anisotropies are all equal to 1 the preceding expression becomes
G
(4)
± (~x|β) = −
1
(2β)(X+1)
∞∑
k=0
(X + 2k)!
(2β)2k
(71)
×
k∑
p=0
(|x1|+ |x2|+ p+ 1)p(|x3|+ |x4|+ k − p+ 1)k−p
p! (k − p)! (|x1|+ p)! (|x2|+ p)! (|x3|+ k − p)! (|x4|+ k − p)!
The series (71) converges for |β| ≥ 4. For ~x = ~0 one can write
G
(4)
± (~0|β) = −
1
2β
∞∑
k=0
(2k)!
4k (k!)2
vk β
−2k (72)
vk =
k∑
p=0
(
k
p
)2(
2k − 2p
k − p
)(
2p
p
)
(73)
For β = 4, this series converges to the known value of −0.1549 · · · [12]. The sum of the first
31 terms gives: −0.1541 · · ·. Similarly to the uk in the preceding section, the vk (k ≥ 1) also
appear to be divisible by the number of dimensions, here equal to 4.
A derivation of the recurrence relation for the coefficients c
(d)
n (~x) can be done as for the lower
dimensions. The order of the recurrence appears to be larger than 7. From this recurrence a
differential equation can be derived. The 5 singular points are of the logarithmic type. The
logarithmic solutions, at one given singular point, can be dropped leaving a regular Green
function.
These features were seen to be common to the lowest dimensions. They also hold for all the
higher dimensions. The coefficients c
(d)
n (~x) satisfy recurrence relations for all dimensions. The
general form of these relations is easily inferred from the results for the lower dimensions. The
coefficients appearing in the recurrence relations are polynomials in n and the x2j ’s. From such
relations one can then derive the differential equation as was done for the lowest dimensions.
Another common feature is the possibility of dropping the singular part, around one given
singularity. This part is a solution of the homogeneous equation. Finally, at β = d, subtracting
G
(d)
± (~0|d) from (5) provides another regularization (see [13] for d = 2).
Determining the explicit recurrence relation and the differential equation is however not a
trivial task. It is also difficult to find the ~x-dependent coefficients appearing in the linear combi-
nation of the solutions around a given singularity. These techniques were applied for the lower
dimensions and new results were obtained. While the low dimensions studied in this paper
seem to be at the limit of tractability of these methods, the knowledge obtained about the ana-
lytic structure of the lattice Green functions in all dimensions is an important step in their study.
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[12] and for a critical reading of the manuscript. Special thanks to Tim Newman for bringing to
my attention reference [1], for a critical reading of the manuscript, for his lightning derivation of
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2π and for enjoyable coffee breaks. I thank P. Arnold, P. Fendley and H. Thacker for discussions,
and S. Adhikari and G. Moore for communications.
Appendix A: Bessel functions and other formulæ
The cylindrical Bessel functions Jn(z) have both integral representations
Jn(z) =
i−n
π
∫ π
0
dq exp(iz cos q) cos(nq) , ∀n ∈ Z (74)
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and series expansions
Jn(z) =
(
z
2
)n ∞∑
k=0
(−1)k
k! Γ(n + k + 1)
(
z
2
)2k
, (75)
with an infinite radius of convergence. The asymptotic behavior at infinity is given by
Jn(z) ∼
√
2
πz
(
cosχ− 4n
2 − 1
8z
sinχ
)
, |z| → ∞ , |arg(z)| < π (76)
where χ = z − π2n− π4 · One also has∫ ∞
0
Jn(x) dx = 1 , n ≥ 0 (77)
The Bessel functions have the following properties
Jn(−z) = (−1)nJn(z) ∀n ∈ Z (78)
J−n(z) = (−1)nJn(z) ∀n ∈ Z (79)
J0(0) = +1 , Jn(0) = 0 , n 6= 0 (80)
Jn−1(z)− Jn+1(z) = 2J ′n(z) ∀n ∈ Z (81)
A particular formula for the product of two Bessel functions is
Jm(az)Jn(bz) =
(az
2
)m ( bz
2
)n
Γ(n+ 1)
∞∑
k=0
(−1)k 2F1(−k,−m− k;n + 1; b2a2 )
k! Γ(m+ k + 1)
(
az
2
)2k
(82)
(A typographical error in [21] has been corrected.) Note that 2F1 is in fact a polynomial in
b2/a2. When a = b = 1 this formula simplifies to
Jm(z)Jn(z) =
∞∑
k=0
(−1)k(m+ n+ k + 1)k
k! Γ(m+ k + 1)Γ(n + k + 1)
(
z
2
)m+n+2k
(83)
The generalized hypergeometric series pFq are defined by [16]:
pFq(a1, · · · , ap; b1, · · · , bq; z) =
∞∑
k=0
(a1)k · · · (ap)k
(b1)k · · · (bq)k
· z
k
k!
(84)
where the Pochhammer symbol (a)k is defined by
(a)0 = 1 , (a)k =
Γ(a+ k)
Γ(a)
= a(a+ 1) · · · (a+ k − 1) (85)
and p ≤ q+1. Define a differential operator δ = z ddz . The function (84) satisfies the differential
equation
[δ(δ + b1 − 1) · · · (δ + bq − 1)− z(δ + a1) · · · (δ + ap)] y(z) = 0 (86)
For p = q + 1 this equation is Fuchsian with three regular singular points at 0, 1 and ∞.
Appendix B: The WLW approach for arbitrary mass
Starting from an observation of C. Vohwinkel, Lu¨scher and Weisz have developed a power-
ful algorithmic method for the numerical calculation of the massless lattice Green function in
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four dimensions [12]. Their method applies immediately to any dimension. Here I show that
this method generalizes to arbitrary mass and anisotropies. A conserved quantity for the two-
dimensional Green function at the massless and decoupling points is also derived.
An integration by parts of the left-hand side of (87) yields the right-hand side:
αj
(
G
(d)
± (~x+ eˆj |~α, β)−G(d)± (~x− eˆj |~α, β)
)
= −xjH(~x|~α) , j = 1, · · · , d (87)
H(~x|~α) =
∫ π
−π
· · ·
∫ π
−π
dd~q
(2π)d
exp(i~q.~x) ln

2β − 2 d∑
j=1
αj cos qj ∓ iǫ

 (88)
Equation (1) allows one to find another expression for H:
H(~x|~α) = 2∑d
j=1 xj

 d∑
j=1
αjG
(d)
± (~x− eˆj |~α, β)− β G(d)± (~x|~α, β)

 (89)
provided
∑d
j=1 xj 6= 0. This gives the value of G(d)± (~x + eˆj |~α, β) in terms of G(d)± (~x|~α, β) and
G
(d)
± (~x−eˆk|~α, β). The repeated use of these recurrence relations, coupled with the±xj invariance,
shows that G
(d)
± (~x|~α, β) is a linear combination of the 2d values corresponding to xj = 0, 1. Note
that all the vertices of the unit hypercube are needed when the anisotropies are arbitrary. These
2d values can be calculated numerically, and the particular “±” branch obtained depending on
the given value of β in the complex plane. This generalizes the approach developed in [12].
One can look for additional conserved quantities as was done in [12]. However this method
depends rather strongly on the dimension. For the isotropic two-dimensional case, define
g0(n) = G
(2)
± ((n, 0)|β) , g1(n) = G(2)± ((n, 1)|β) , n ≥ 0 (90)
The Green equation gives
g0(n+ 1) + g0(n− 1) + 2g1(n)− 2β g0(n) = 0 , n ≥ 1 (91)
and an equation inferred from the above approach is
g1(n+ 1) =
2n
n+ 1
(β g1(n)− g0(n))− n− 1
n+ 1
g1(n − 1) , n ≥ 1 (92)
One can look for a conserved quantity in the following form
C(n) = ng0(n) + a1ng1(n) + b0(n− 1)g0(n− 1) + b1(n− 1)g1(n − 1) (93)
+c0g0(n) + c1g1(n) + d0g0(n − 1) + d1g1(n− 1) , n ≥ 1
Using (91) and (92) one finds that C(n) is independent of n provided
b0 = c0 = d0 = −1 , a1 = −b1 = 1
β − 1 , c1 = d1 = 0 (94)
and β = 0 or β = 2. This form does not allow for other values of β, but a conserved quantity at
β = −2 can be obtained from the one for β = 2 through the parity symmetry. The new quantity
is a priori conserved for n odd and n even separately. It would interesting to find out whether
arbitrary values of β accommodate conserved quantities.
Note that β = 0,±2 are the three singular values. Therefore C(n) may not be well-defined.
However, using the explicit expression of section 4, and taking the limit β → 0, one finds that
the infinities cancel exactly, leaving C± ≡ C±(n) = ± iπ for all n ≥ 1. For the half-sum the
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conserved quantity is therefore C = 0. The situation at β = 2 is similar. The conserved quan-
tities can be finite through cancellations, and the divergence corresponds to a solution of the
homogeneous equation and can therefore be dropped. (See also the remark in the conclusion of
[12] concerning this conserved quantity, and [13].)
Note added: Lattice Green functions also arise in the study of the statistical mechanics of
the spherical model [22]. Complex temperature singularities of this system were studied in [23].
Lattice Green functions were also examined for the cases where factorizations in two complete
elliptic integrals occur [24]. I would like to thank P. Butera for bringing to my attention the
four works cited in this note.
References
[1] B.D. Hughes, Random Walks and Random Environments, vol. 1, Oxford University Press
(1995).
[2] G. Po´lya, Quelques proble`mes de probabilite´ se rapportant a` la “promenade au hasard”
(Some problems of probability associated with the “random walk”), L’Enseignement
Mathe´matique 20 (1919) 444–445; Uber eine Aufgabe der Wahrscheinlichkeitsrechnung be-
treffend die Irrfahrt im Straßennetz (On a theorem of probability calculus concerning wan-
dering in a network of streets), Mathematische Annalen 83 (1921) 149–160. Reprinted in
his Collected Papers, 4 (1984) 69–80, MIT Press, Cambridge, Massachusetts.
[3] M. Creutz, Quarks, gluons and lattices, Cambridge University Press (1990).
[4] H.J. Rothe, Lattice Gauge Theories - An Introduction, World Scientific (1992).
[5] I. Montvay and G. Munster, Quantum Fields on a Lattice, Cambridge University Press
(1994).
[6] See for example: K. Farakos, K. Kajantie, K. Rummukainen and M. Shaposhnikov, 3D
Physics and the electroweak phase transition: a framework for lattice Monte-Carlo analysis,
Nucl. Phys. B442 (1995) 317–363, hep-lat/9412091; G.D. Moore, Curing O(a) Errors in 3-
D Lattice SU(2)×U(1) Higgs Theory, Nucl. Phys. B493 (1997) 439–474, hep-lat/9610013;
P. Arnold, Hot B violation, the lattice, and hard thermal loops, Phys. Rev. D55 (1997)
7781–7796, hep-ph/9701393.
[7] S.K. Adhikari, T. Frederico and R.M. Marinho, Lattice Discretization in Quantum Scatter-
ing, J. Phys. A 29 (1996) 7157, hep-th/9707231.
[8] J. Cserti, Application of the lattice Green’s function for calculating the resistance of an
infinite grid of resistors, cond-mat/9909120.
[9] M. Henkel and D. Karevski, Lattice two-point functions and conformal invariance, J. Phys.
A 31 (1998) 2503, cond-mat/9711265.
[10] M.L. Glasser and A.J. Guttmann, Lattice Green function (at 0) for the 4d hypercubic lattice,
J. Phys. A 27 (1994) 7011–7014, cond-mat/9408097; M.L. Glasser and J. Boersma, Exact
values for the cubic lattice Green’s function, submitted to J. Phys. A.
[11] M. Lu¨scher and P. Weisz, Two-loop relation between the bare lattice coupling and the MS
coupling in pure SU(N) gauge theories, Phys. Lett. B349 (1995) 165, hep-lat/9502001.
16
[12] M. Lu¨scher and P. Weisz, Coordinate space methods for the evaluation of Feynman diagrams
in lattice field theories, Nucl. Phys. B445 (1995) 429, hep-lat/9502017.
[13] D.-S. Shin, Application of a coordinate space method for the evaluation of lattice Feynman
diagrams in two dimensions, Nucl. Phys. B525 (1998) 457–482, hep-lat/9706014.
[14] R. Friedberg and O. Martin, Position space calculation of a two-loop lattice diagram, J.
Phys. A 23 (1990) 1575–1587.
[15] B. Paladini and J.C. Sexton, Asymptotic expansion of the lattice scalar propagator in coor-
dinate space, Phys. Lett. B448 (1999) 76–84, hep-lat/9805021.
[16] A. Erde´lyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Bateman Manuscript Project, vols.
1 & 2, McGraw-Hill (1953).
[17] E.W. Montroll, Random walks on lattices in Proceedings of symposia in applied mathematics,
vol. XVI (1964) 193–220.
[18] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, Dover Publications
(1972).
[19] G.N. Watson, Three triple integrals, Quart. J. Math. (Oxford, 1st series) 10 (1939) 266–276.
[20] G.S. Joyce, Lattice Green function for the simple cubic lattice, J. Phys. A 5 (1972) L65–L68;
On the simple cubic lattice Green function, Phil. Trans. Royal Soc. London A273 (1973)
583–610.
[21] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Academic Press
(1980).
[22] G.S. Joyce, Critical Properties of the Spherical Model, in Phase Transitions and Critical
Phenomena, vol. 2, 375–442, edited by C. Domb and M.S. Green (Academic Press 1972);
H.E. Stanley, Spherical Model as the Limit of Infinite Spin Dimensionality, Phys. Rev. 176
(1968) 718–722.
[23] P. Butera, M. Comi, G. Marchesini and E. Onofri, Complex temperature singularities for
the two-dimensional Heisenberg O(∞) model, Nucl. Phys. B326 (1989) 758–774.
[24] E. Montaldi, The evaluation of Green’s functions for cubic lattices, revisited, Lett. Nuovo
Cimento 30 (1981) 403–409.
17
